Consider the eigenvalue problem (P λ
) the set of λ > 0 such that (P λ f ) has at least one nonzero classical (resp. weak) solution. Let λ 1 be the first eigenvalue for the Laplacian-Dirichlet problem. We prove that inf In this paper we discuss a conjecture proposed by Ricceri [2] for a class of nonlinear elliptic eigenvalue problems and some relative problems.
Ricceri [2] dealt with the following eigenvalue problem
where Ω ⊂ R N is a bounded smooth domain, λ ∈ R, f : R → R is continuous and
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As usual, we adopt the convention inf ∅ = +∞.
Sato and Yanagida [4] proved the conclusion
Ricceri [2] proved the conclusion
and proposed the following conjecture:
Ricceri [2] studied also the nonlinear eigenvalue problems in the abstract Hilbert spaces. Let (H, ·,· ) be a real Hilbert space. Denote by A H the set of all C 1 functionals I : H → R such that 0 is a global maximum of I and I is Lipschitzian with Lipschitz constant less than 1. It is well known that there exists a natural isomorphism T : H → H * defined by
In this paper, for I ∈ C 1 (H, R) and u ∈ H , we denote by I (u) the derivative of I at u and denote
Ricceri [2] proved that, for any real Hilbert space H with H = {0}, one has γ H = 3. 
, is independent of x ∈ Ω. In the present paper, we use Carathéodory function f (x, ξ) instead of f (ξ ) and consider the following eigenvalue problem
For the regularity of the weak solutions of problem (P λ f ), Berger [1] has proved the following result. 
for |u| sufficiently large. Then any weak solution of (P λ f ) is a classical solution in Ω and at all sufficiently smooth portions of ∂Ω.
By Theorem 0, when f ∈ B L , any weak solution of (P λ f ) is a classical solution. However, when f ∈ B L , a weak solution of (P λ f ) need not be a classical solution.
The main results of the present paper are the following three theorems.
Theorem 2. Let L > 0 be given and let ϕ 1 be an eigenfunction corresponding to the first eigenvalue λ 1 for problem ( 
and ϕ 1 is a unique nonzero weak solution of (P μ f ). In addition, there exists f ∈ C L \{0} such that (P λ f ) has no nonzero weak solution 
To prove Proposition 1, let us first give a lemma which is a corollary of conclusion (5). 
. To prove (7) it
f (x, t) dt for x ∈ Ω and ξ ∈ R,
This shows that I has Lipschitz constant I ) (u) , that is, 0 is the unique weak solution of the prob-
and hence (7) holds. 2
Let us now turn to the proof of Proposition 2. A useful tool is a special family of the real functions which were used in [3] to prove γ R = 3. In the following lemma we list the elementary properties of such functions.
Then g ξ 0 is Lipschitzian with Lipschitz constant
The proof of Lemma 2 is immediate and it is omitted here.
Proof of Proposition 2. It suffices to prove inf
. Let L > 0 be given and let ϕ 1 be an eigenfunction corresponding to the first eigenvalue λ 1 for problem (1) 
Now we give the proof of Theorem 2.
Proof of Theorem 2. Let L > 0 and μ
μL . Then 0 < ρ 1 3 . For each ξ 0 > 0, define a function
Then it is easy to see that h ξ 0 is Lipschitzian with Lipschitz constant 1,
and consequently, μ ∈ Λ f ⊂ Λ w f and ϕ 1 is a nonzero classical solution of (P μ f ). We claim that, for any λ > 0 and any weak solution u of (P λ f ), there must hold u(x) 0 for a.e. x ∈ Ω. To see this, taking u − , defined by
as a test function, and noting that f (x, ξ) > 0 if ξ < 0, we have
and consequently u − = 0, that is u(x) 0 for a.e. x ∈ Ω.
, arguing by contradiction, assume that there exists λ ∈ (0, μ) such that (P λ f ) has a nonzero weak solution u. By the above-mentioned claim, u(x) 0 for a.e. x ∈ Ω. Noting that
we have that, for x ∈ Ω,
and consequently
which contradicts with that λ 1 is the first eigenvalue for (1) .
To prove the uniqueness of the nonzero weak solution of (P μ f ), arguing by contradiction, assume that (P μ f ) has a nonzero weak solution u = ϕ 1 . By the above-mentioned claim, u(x) 0 for a.e. x ∈ Ω. Taking ϕ 1 as a test function, we have
Using inequality (9) and noting that inequality (9) is strict in some subset of Ω with positive measure because u = ϕ 1 and
Consider the function f (0) (x, ξ) which is defined by setting ρ = 0 in the definition of f (ρ) (x, ξ) given above. It is easy to see that = +∞.
It follows immediately from the above conclusions that {inf
, +∞]. The proof of Theorem 2 is complete. 2
To prove Theorem 3, we first give the following lemma. has at most one positive solution and one negative solution.
Proof. Let f ∈ C 1 . We only consider the case that ξ > 0 because the case that ξ < 0 is similar. To prove that 
